The hyperbolic metric for the punctured unit disc in the Euclidean plane is singular at the origin. A renormalization of the metric at the origin is provided by the Euclidean metric. For Riemann surfaces there is a unique germ for the isometry class of a complete hyperbolic metric at a cusp. The renormalization of the metric for the punctured unit disc provides a renormalization for a hyperbolic metric at a cusp. For a holomorphic family of punctured Riemann surfaces the family of (co)tangent spaces along a puncture defines a tautological holomorphic line bundle over the base of the family. The Hermitian connection and Chern form for the renormalized metric are determined. Connections to the work of M. Mirzakhani, L. Takhtajan and P. Zograf, and intersection numbers for the moduli space of punctured Riemann surfaces studied by E. Witten are presented.
Comparing cusps
The renormalization of a hyperbolic metric at a cusp is introduced. The setting is used to present an intrinsic norm for the germ of a holomorphic map at a cusp.
A compact Riemann surface R having punctures and negative Euler characteristic has a complete hyperbolic metric, [Ahl73] . The geometry of a cusp of a hyperbolic metric is standard. From the uniformization theorem for a puncture p there is a distinguished local conformal coordinate with z(p) = 0 and the metric locally given by the germ of ds 2 = |dz| |z| log |z| 2 .
(1)
The distinguished coordinate is given as z = e 2πiζ for the cusp represented at infinity for the upper half plane H with coordinate ζ and translation ζ → ζ + 1 . The canonical coordinate z is unique modulo a unimodular factor and the circle |z| = c is the closed horocycle about p with hyperbolic length ℓ = −2π/ log c. The complete hyperbolic metric for the punctured unit disc D = {0 < |z| < 1} is likewise given by formula (1). The unit area neighborhood of the puncture {ℓ(z) ≤ 1} ⊂ D isometrically embeds to a neighborhood of each puncture of a complete hyperbolic metric, [Leu67] . A conformal coordinate ξ for a neighborhood of a puncture p can be used to describe the conformal completion at p. The omitted point p corresponds to the omitted value of ξ. The tangent space at p is described in terms of the tangent space at the omitted value of ξ. We use these general observations to define a norm for the tangent space at the puncture.
Definition 1 Let R be a Riemann surface with hyperbolic metric and a puncture p with canonical local coordinate z as above. The canonical norm for the tangent space at p is defined by ∂ ∂z can = 1. As noted the coordinate z is unique modulo a unimodular factor. For canonical coordinates z and w respectively for complete hyperbolic metrics ds 2 1 and ds 2 2 consider a germ at the origin of a holomorphic map w = h(z) = zg(z) with h(0) = 0. We have for the ratio of metrics log |z| log |zg(z)| 2 = 1 − 2 log |h ′ (0)| log |z| + O g 1 (log |z|) 2 . (2)
We use the observations to present a formula for the norm of a map between tangent spaces. Consider R 1 and R 2 with complete hyperbolic metrics ds 2 1 and ds 2 2 with punctures p 1 and p 2 . For the germ h of a holomorphic map from a neighborhood of p 1 to a neighborhood of p 2 the canonical norms for the tangent spaces determine a norm for the differential dh. Observe that a point q close to p 1 lies on a unique simple closed horocycle about the puncture. For q close to p 1 write ℓ(q) for the associated horocycle length.
Lemma 2 Let h be the germ of a holomorphic map between punctures. At the puncture the differential satisfies lim q→p 1 (h * ds 2 2 )(ds 2 1 ) −1 = 1 and log dh 2 can = lim q→p 1 2π ℓ log((h * ds 2 2 )(ds 2 1 ) −1 ). For the map h expressed in terms of canonical coordinates w = h(z) the norm satisfies dh can = |h ′ (0)|.
Proof. For canonical coordinates at the punctures the formulas follow from the observation ℓ = −2π/ log |z| and expansion (2). The proof is complete.
We will study the variation of lim 2π ℓ log(h * ds 2 2 )(ds 2 1 ) −1 for a family of Riemann surfaces. In the following sections we consider holomorphic families of Riemann surfaces. In preview, for ν(s) a suitable family of Beltrami differentials holomorphic in a parameter s, ν(s) with fixed compact support, a holomorphic family {R ν(s) } is defined. A conformal coordinate ζ for a neighborhood of a puncture p of R also serves as a conformal coordinate for R ν(s) provided the support of the coordinate is disjoint from supp(ν(s)). Accordingly the tangent vector ∂ ∂ζ is a holomorphic section of the family of tangent spaces along p. In this case the hyperbolic metrics are locally conformal and easily compared as ds 2 R ν(s) = e 2f ds 2 R . For the canonical coordinates at p, z for R and w for R ν(s) , the composition of w(ζ)•(z(ζ) −1 ) is the germ of a holomorphic map h. We have from Lemma 2 that log dh 2 can = lim q→p 4π ℓ f . We will study the limit in the following sections.
We separately note that the Schwarz lemma also provides a comparison for germs of hyperbolic metrics at a puncture, [Ahl73] . For U a punctured neighborhood of a puncture p with germs of hyperbolic metrics ds 2 1 and ds 2 2 , let V ⊂ U be a neighborhood with ∂V compact in U. The ratio ρ = ds 2 2 /ds 2 1 has limit unity at p from the comparison (2). In a local conformal coordinate ζ the constant curvature equation is −(ds 2 ) −1 ∆ log ds 2 = −1 for ds 2 now the metric local expression and ∆ the coordinate Euclidean Laplacian. The pair of metrics satisfy ∆ log ds 2 2 /ds 2 1 = ds 2 2 − ds 2 1 . The ratio ρ is continuous and has a maximum onV ∪ {p}. Provided the maximum of ρ is greater than unity, the difference of metrics is positive at the maximum. In this case from the combined equations log ρ is strictly convex at the maximum and the maximum cannot be interior. It follows that the maximum of ρ is either unity or occurs on ∂V. An application is provided for V the ds 2 1 horoball neighborhoods {ℓ(q) < ℓ} of the cusp. The maximum of ρ on {ℓ(q) ≤ ℓ} is either unity or occurs only on {ℓ(q) = ℓ}. A general property follows. The maximum max {ℓ(q)=ℓ} ρ either has the constant value unity for all small ℓ, or is strictly increasing in ℓ. The analogous statement for min {ℓ(q)=ℓ} ρ is also valid.
The prescribed curvature solution
The solution of the prescribed curvature equation describes the ratio of a pair of hyperbolic metrics in a neighborhood of a puncture. For a family of hyperbolic metrics we consider the variation in parameters of the prescribed curvature solution. For calculation of the connection and Chern forms it is required that variations of the prescribed curvature solutions are suitably bounded at the cusps. We find that adapted variations are suitably bounded. Our considerations begin with the basics of variations of conformal structures and variations of solutions of the prescribed curvature equation. We provide the required formulas and estimates.
Let R be a Riemann surface with hyperbolic metric ds 2 and canonical line bundle κ. Let S(p, q), p, q ∈ Z be the space of smooth sections of κ p/2 ⊗κ q/2 and S(r) = S(r, −r). For a p-differential ϕ ∈ S(2p, 0) the product (ds 2 ) −p/2 ϕ is an element of S(p) and the conjugate (ds 2 ) −p/2 ϕ an element of S(−p). An element of S(r) has a well-defined absolute value. Metricderivative operators (essentially the covariant derivatives) on S(r) are defined as follows: for ζ a local conformal coordinate and ds 2 = ρ 2 (ζ)|dζ| 2 then K r = ρ r−1 ∂ ∂ζ ρ −r and L r = ρ −r−1 ∂ ∂ζ ρ r , [Wol90] . Note for f ∈ S(r) that
The hyperbolic metric Laplacian operator on functions is given as D = 4L 1 K 0 . For f ∈ S(r) the absolute value |f | is a function and a C k norm is defined by f 0 = sup |f | and f k = |P |≤k P f 0 for the sum over all products of operators K * and L * of length at most k. We are also interested in functions suitably small in the cusps. A weighted-normed space C ℓ n is defined for f ∈ S(r) by f ℓ n = sup ℓ≤1 |ℓ −n f | ∨ sup R−{ℓ≤1} |f |.
In effect from Lemma 2 we are interested in the variational formulas for a family of hyperbolic metrics with variational terms bounded in C ℓ . Let R be a punctured Riemann surface and Q(R) the associated space of holomorphic quadratic differentials with at most simple poles at punctures. The space B(R) of continuous Beltrami differentials is the finite C 0 -norm elements of S(−2). A basic feature of Riemann surfaces is the integral pairing R µϕ for µ ∈ B(r) and ϕ ∈ Q(R). The deformation space of R is the Teichmüller space T , [Ahl61, Ear77, Nag88]. We will write T g,n for the Teichmüller space of genus g, n punctured surfaces. At R the holomorphic tangent space to the deformation space is B(R)/B(R) ⊥ and the holomorphic cotangent space is Q(R).
A new conformal structure R µ for µ ∈ B(R) with µ < 1 is defined as follows. For z a local conformal coordinate for R and w(z) a local homeomorphism solution on the range of z for the Beltrami equation wz = µw z the composition w•z is a local conformal coordinate for R µ . In brief for {z α } α∈A an atlas for the R-conformal structure, the compositions {w α • z α } α∈A provide an atlas for the R µ -conformal structure. Local holomorphic coordinates for T are described as follows: for {ν 1 , . . . , ν m } continuous Beltrami differentials spanning B(R)/B(R) ⊥ and s ∈ C m , set ν(s) = j s j ν j ; for s small s → R ν(s) is a local holomorphic coordinate for T , [Ahl61, Ear77, Nag88].
The harmonic Beltrami differentials H(R) = {µ ∈ B(R) | K −2 µ = 0} form a natural subspace. The interest with harmonic Beltrami differentials arises from the observation that variational formulas are simplified by their introduction, [Ahl61, Nag88, Wol89, Wol86] . Basic properties are as follows:
The considerations of the first section require maps holomorphic in a neighborhood of the punctures. To this purpose we introduce smooth truncations of elements of H(R). Begin with a choice of local coordinate z for a neighborhood U of the puncture p with z(p) = 0. Choose a function χ on C to be an approximate characteristic function of {|z| > 1} such that χ is smooth, vanishes identically on {|z| ≤ 1/2} and is identically unity on {|z| ≥ 1}. For ǫ sufficiently small the ǫ-truncation of µ ∈ H(R) at the puncture p is locally defined as χ(z/ǫ)µ(z); as ǫ tends to zero the truncation tends to µ. The truncation of µ is defined by introducing a truncation at each puncture. For µ harmonic K −2 χµ = µK 0 χ and we combine local expressions at a puncture for the hyperbolic metric and a holomorphic quadratic differential to find that K −2 χµ 1 is O(ǫ log 4 ǫ) for ǫ tending to zero.
To compare metrics, we introduce a particular pullback of a metric. For a Riemann surface S with almost complex structure J S , J 2 S = −id; arbitrary metric dσ 2 and Kähler form ω we note that dσ 2 = 2ω( , J S ). For a Riemann surface R with almost complex structure J R , J 2 R = −id, and h : R → S a smooth map the J-pullback by h metric is defined as dσ 2 * = 2h * ω( , J R ). The J-pullback metric has a straightforward local coordinate description. For z a conformal coordinate for R, w a conformal coordinate for S and dσ 2 = (α(w)|dw|) 2 then dσ 2 * = α(w(z)) 2 (|w z | 2 − |wz| 2 )|dz| 2 . As explained in [Wol90, pg. 449], introduction of the J-pullback metric simplifies various variational formulas and in particular gives rise to formulas which are local in the Beltrami differential and its derivatives. By comparison introduction of the standard pullback h * dσ 2 entails solving the potential equation Fz = µ.
To compare hyperbolic metrics we begin with ds 2 R the hyperbolic metric of R and a smooth map h : R → S. Introduce now dσ 2 * the J-pullback by h −1 metric of ds 2 R to S. (Use of the inverse map will simplify the resulting expressions.) The metric dσ 2 * on S is a perturbation of the hyperbolic metric on R. Let C be the Gaussian curvature of dσ 2 * and C * = C • h. Further let D σ * be the dσ 2 * -Laplacian on S and D * its pullback by h, i.e. for g a smooth
We review the formulas for C * and D * needed for the present considerations. The complete variational formulas were presented in [Wol90, Sec. 5.2, esp. Lemma 5.3]. We will consider a family {S = R µ(a) } for µ(a) = aµ for a Beltrami differential µ ∈ B(R) and a real parameter a. The curvature C * (a) and pullback-Laplacian D * (a) depend real analytically on a, [Wol90] . Basic properties are as follows. In general for supp(µ) ⊂ C, we have on the complement R − C that C * (a) = −1 and (for local expressions) D * (a) = D. The variational derivatives of C * and D * for µ(a) = aµ at a = 0 are as follows
and for µ denoting the multiplication operator
The formulas simplify for harmonic Beltrami differentials since K −2 µ vanishes and are similarly approximated for truncated differentials since K −2 µ is O(ǫ log 4 ǫ). We are ready for h : R → S to compare metrics, beginning with ds 2 R the complete hyperbolic metric of R. The complete hyperbolic metric of S is described in terms of the J-pullback by h −1 metric dσ 2 * and the solution of the prescribed curvature equation
As noted above the composition f =f • h satisfies the equation
is equivalent to the curvature of e 2f dσ 2 * being identically −1, [Wol90] . The uniformization theorem and estimates of the first section provide that the prescribed curvature equation has a unique solution in C ℓ , [Ahl73] . Standard results from Teichmüller theory provide that for µ(a) ∈ B(R) varying real analytically the prescribed curvature solution f (a) varies real analytically in C k -norm for compact subsets of R,
We are now ready to consider the variation of the prescribed curvature solution. The expressions for the Laplacian D * (a), curvature C * (a) and solution f (a) are real analytic in the parameter a. The expressions for the variations in a are determined. We have for small values of a the equations
and after adding Df a to each side of the second equation
For a Beltrami differential µ with compact support the right hand side of the third equation has compact support. We now use the equations to show that f (a) is a differentiable C ℓ -valued function. For ℓ the horocycle length function, the C ℓ n weighted-norm is f ℓ n = sup ℓ≤1 |ℓ −n f | ∨ sup R−{ℓ≤1} |f |. 
for remainder terms bounded in C ℓ .
Proof. We iterate basic bounds to establish the desired expansions. In preview, a bound for f gives a bound for e 2f which from equation (6) gives a bound for the derivative f a and from integration in the parameter an improved bound for f . We start by noting from the final paragraph of the first section that f 0 is bounded by sup supp(µ) |f | and as noted above on supp(µ) the solution f is real analytic in C k in a. Lemmas 11 and 12 below will be used to pass from estimates on supp(µ) for the right hand side of (6) to estimates on R. To begin, from Lemma 11 and the bounds for quantities on the compact support of the right hand side of (6) it follows from Lemma 12 that f a is uniformly bounded in C ℓ for all suitably small a. We next integrate in the parameter
The expansion is the Taylor expansion for a continuous C ℓ -valued function.
We next compare the equations (6) for values a and a ′ with e 2f (a) = e 2f (a ′ )+O(|a−a ′ |) and apply Lemmas 11 and 12 to find for all small a, a
The expansion is the Taylor expansion for a differentiable C ℓ -valued function.
We next substitute the first-order expansions for the right hand side rhs(a) of (6) and also the expansion e 2f (a) = 1 + 2af
The resulting equation
provides for the desired Taylor expansion for f a (a). We note in passing that all remainder terms depend on supp(µ). The proof is complete.
The canonical curvature
We present the formula for the Hermitian connection and curvature of the canonical norm for the family of tangent spaces along a puncture. The curvature is given in terms of the Takhtajan-Zograf form. Let Γ be a Fuchsian group uniformizing the Riemann surface R with n punctures. Let Γ 1 , . . . , Γ n be a set of non-conjugate maximal parabolic subgroups of Γ representing the punctures. Further let σ j ∈ P SL(2;
The special value E j (ζ) = E j (ζ, 2) plays an important role for deformation theory, [OW07, TZ91, Wol94] . The Fourier expansions of the Eisenstein series have a simple form, [Bor97, Ven90] . Conjugate the k th cusp to infinity and consider E j (σ k (ζ)) = E j (σ k (ζ), 2) which is Γ ∞ invariant. For ζ = x + iy, the Kronecker delta δ, and coefficients c jk , there is the expansion for large y
The functions E j (ζ) satisfy the differential equation DE = 2E and are not elements of L 2 (R).
The hyperbolic metric Laplacian D acting on L 2 (R) has non positive spectrum. The Green's function G(ζ, ζ ′ ) for the operator (D − 2) −1 is a part of our considerations. The Green's function is the integral kernel with respect to the hyperbolic area element dA for inverting the (D −2) operator:
. We again conjugate the j th cusp to infinity and consider Fourier expansions. For ζ ′ fixed, ζ = x + iy, there is the expansion for y large
and for g with compact support
We begin considerations with the approach of L. Takhtajan and P. Zograf to express the leading coefficient of (D − 2) −1 g in terms of the integral Lemma 4 Let Γ be a Fuchsian group uniformizing a Riemann surface with punctures. For g with compact support and ℓ j the horocycle length function for the j th puncture, the operator (D − 2) −1 satisfies
Proof. We begin with the defining propertyĝ = (D − 2)û and observe that
(where we write g forĝ•σ j and u forû•σ j .) The terms of the third integrand are not individually integrable since the leading coefficient of E j • σ j u at infinity is ℑζ. To consider the third integral we introduce a fundamental domain F for σ −1 j Γσ j , containing the cusp neighborhood {0 ≤ ℜζ < 1, ℑζ > 1}. We further introduce the sub domains F Y = {ζ ∈ F | ℑζ ≤ Y } and from the above
and apply Green's formula to find = lim
for the hyperbolic metric elements ∂ ∂n and ds. The integral over ∂F Y ∩ ∂F vanishes by consideration of the orientation and the group invariance of E j • σ j and u. The Fourier expansions for E j • σ j and u provide that the remaining integral over {0 ≤ ℜζ < 1, ℑζ = Y } is −3 c j (û) + O(e −Y ). The proof is complete.
The tangent space to the deformation space at a Riemann surface R is represented by the space H(R) of harmonic Beltrami differentials. A Hermitian form for H(R) defines a Hermitian metric for Teichmüller space. For µ, ν ∈ H(R) and hyperbolic area element dA the Weil-Petersson (WP) form is µ, ν W P = R µν dA, [Ahl61] and for R with punctures p 1 , . . . , p n the Takhtajan-Zograf (TZ) form for the puncture p j is
The Takhtajan-Zograf metric is j , T Z,p j . We are ready to present the formula for the Hermitian connection and curvature for the canonical norm. Proof. We combine considerations. We have from the discussion following Lemma 2 that for the family {R ν(s) }, ν(s) a truncated Beltrami differential with compact support, and ζ a local conformal coordinate at a puncture, that log 
(the formulas for f s (0) and f ss (0) are a straightforward calculation.) We next observe that since the canonical norm is twice differentiable its Hermitian connection 1-form Θ and curvature 2-form Ω have well-defined evaluations on H(R). The evaluations are given by the limit of the truncated Beltrami differentials introduced in the prior section (the limit as the parameter ǫ tends to zero.) We have from the estimate for truncated Beltrami differentials combined with (3) and (4) for elements of H(R) the resulting formulas at s = 0: C s = 0, f s = (D−2) −1 C s = 0 and C ss = −1 2 D|µ| 2 . As the final step we apply Green's formula to note that −1 2 R D|µ| 2 E p dA = − R |µ| 2 E p dA and finally that:
The proof is complete. Associated to a Hermitian form , is a (pre) Kähler form i 2 , . The above result provides a new proof that the TZ metric is Kähler, [TZ91] . We now write ω T Z,p = 
Applications
We present beginning properties of the canonical norm Chern form and connections to the work of other authors. The TZ metric is Kähler, [TZ91] and incomplete, [Obi99] . K. Obitsu, W. K. To and L. Weng [OTW06] have recently determined the asymptotic behavior of the metric akin to the original result of H. Masur, [Mas76] . A simple property of the metric comes from the observation E = γ∈Γ∞\Γ ℑ(γz) 2 and that the integral R µνE dA can be unfolded to Γ∞\H µν(ℑζ) 2 dA which is a special value of the RankinSelberg convolution L-function, [TZ91, Theorem 2].
The families of cotangent spaces along punctures give rise to rational cohomology classes on the moduli space M g,n of genus g, n punctured Riemann surfaces. By definition ψ j is the rational Chern class of the orbifold line bundle whose fiber at the point [R; p 1 , . . . , p n ] ∈ M g,n is the cotangent space at p j (see [AC96] for the definition on M g,n .) The canonical norm provides a metric for the line bundles ψ j ; for the canonical local coordinate z at a puncture, dz can = 1. We restate our main formula in the present setting.
Corollary 7
The Chern form of the canonical norm for the family of cotangent spaces ψ p along a puncture p satisfies c 1 ( can,p ) = of the fiber. Associated to the family of∂-operators for E k is an index bundle ind∂ k and determinant holomorphic line bundle det ind∂ k with a Quillen metric
Quillen determined from the hyperbolic metric of Riemann surfaces. Takhtajan-Zograf found a local index formula using [Wol86] for families of compact Riemann surfaces with 2g − 2 > 0, k ≥ 0,
and for families of punctured Riemann surfaces with 2g − 2 + n > 0, k ≥ 0,
Quillen's metric involves the zeta function determinant of the Laplacian. For punctured Riemann surfaces Takhtajan-Zograf used special values of the Selberg zeta function in place of zeta function determinants, [TZ91, formula (6)].
In [Wol90] the family hyperbolic metric for the vertical line bundle T vert C g → T g was used to find a Chern form on C g and to calculate the pushdown of the square of the form. We found that the pushdown class κ 1 is represented by the pushdown form 1 π 2 ω W P (see the section below on the WP Kähler form.) By using truncated harmonic Beltrami differentials the formula can be generalized to families of punctured Riemann surfaces. We now combine results and present a local form of the above Takhtajan-Zograf formula.
Corollary 8 For bundles over T g,n the Quillen metric, vertical line bundle metric and cotangent spaces along punctures metric determined from the hyperbolic metric there is a pointwise relation of Chern forms
Certain comments are in order. First, the hyperbolic metric is determined by a choice of conformal structure and does not involve a choice of marking and so the above considerations are valid for M g,n the moduli space of punctured Riemann surfaces. Second, the considerations for the compactified moduli space of stable curves M g,n have not been effected. An application is the curvature of the conormal bundle to the divisor of noded Riemann surfaces. Families of cotangent spaces along punctures can be used to describe the conormal bundle. In particular a pair of families of punctured Riemann surfaces {R} and {R ′ } and a formal pairing of the punctures p of R and p ′ of R ′ determines a family D = {R ∨ R ′ } of noded Riemann surfaces, [Ber74] . Consider the family M where the node p ∨ p ′ is allowed to open. The product of cotangent spaces along p and p ′ defines a line bundle λ over D ⊂ M. We recall that λ is isomorphic to the conormal bundle of the divisor D ⊂ M. The family M of noded Riemann surfaces can be described in terms of deformations supported away from the node and the plumbing family {(z, w, t) | zw = t, |z|, |w|, |t| < 1} → {|t| < 1}. For such a description the function t becomes a local defining function for the divisor D ⊂ M. For a change of parameterization f (z), g(w) and h(t) for the plumbing family with f (0), g(0) and h(0) each zero there is the basic relation f ′ (0)g ′ (0) = h ′ (0). The relation provides the cocycle relation for the isomorphism of the conormal bundle λ and the product of cotangent spaces along punctures. The product of canonical norms for cotangent spaces provides a norm for λ, as well as for the inverse bundle λ −1 . From Corollary 6 the curvature c 1 (λ −1 ) is negative definite and we find a local form of the principle that the opening of a node is negative.
L. Weng studied for punctured Riemann surfaces the intersection product for metrized line bundles and also the Deligne-Riemann-Roch isometry, [Wen01] . He introduced the metrized WP, TZ and logarithmic Mumford line bundles over M g,n and determined first Chern forms. As part of his results he showed for the metrized TZ line bundle ∆ T Z on M g,n that c 1 (∆ T Z ) = 4 3 ω T Z , [Wen01, pg. 278 ]. An application is for the volume of moduli spaces. M. Mirzakhani has considered the moduli space M g,n (b 1 , . . . , b n ) of genus g bordered Riemann surfaces with geodesic boundary components of prescribed length (b 1 , . . . , b n ), [Mir07a] . The Kähler form ω W P = 1 2 dℓ ∧ dτ provides a symplectic form on M g,n (b 1 , . . . , b n ). Mirzakhani developed a recursive scheme for determining the volumes. Using an identity for geodesic length she established a general volume-result, [Mir07a] . 
where α ranges over multi indices of (Z ≥0 ) n and c g (α) are positive values of π 6g−6+2n−2|α| Q.
Mirzakhani applied the result in [Mir07a] to provide a volume-expansion for tubular neighborhoods of the compactification divisor D in the DeligneMumford compactified moduli space M.
The orbifolds M g,n (b 1 , . . . , b n ) form an (R ≥0 ) n bundle over M g,n the moduli space of genus g, n punctured Riemann surfaces. A Riemann surface with geodesic boundaries and a point on each boundary is alternately described by an n punctured Riemann surface and a product of n factors of S 1 , a principal torus-bundle over a punctured Riemann surface. Mirzakhani finds in [Mir07b] that symplectic reduction (for an (S 1 ) n quasi-free action following Guillemin-Sternberg [Gui94] ) can be used to provide a simple description for the family of Kähler forms
(the relation is for cohomology classes on M.) (Mirzakhani considers the symplectic form 2 ω W P and so formulas differ by a factor of 2.) The expansion is presented for a general choice of principal connection for the S 1 bundles. An explicit principal connection is given by introducing the line bundles ψ j , the canonical norms can,j and Hermitian connections. The consequence is a local form of the above expansion. The local expansion agrees with a perturbation formula of K. Obitsu and the author, [OW07] . We considered the perturbation of the W P metric and Kähler form for the tangent subspaces parallel to the compactification divisor D ⊂ M. The expansion is a refinement to the work of H. Masur [Mas76] , G. Daskalopoulos and R. Wentworth [DW03] , and the author [Wol03] . For a family {R ℓ } of hyperbolic surfaces given by pinching short geodesics all with common length ℓ, we found for the Kähler forms restricted to the tangent subspaces parallel to the compactification divisor
and with Corollary 7 the pointwise relation
Mirzakhani combined her integration scheme and formula (7) to show that the collection of integrals (intersection pairings) 
We illustrate the result with an example. Mirzakhani provided in [Mir07a] the expansion for 2 ω W P for (g, n) = (0, 4)
which corresponds to the integrals
using that κ 1 = 1 π 2 ω W P and from (7) to the integrals
The values agree with the evaluations of E. Arbarello and M. Cornalba [AC96] and P. Zograf [Zog93] . We apply the last evaluation to find the TZ volume of M 0,4 . The volume form is dV T Z = j ω T Z,j and consequently
The WP Kähler form
The characteristic class of the WP Kähler form is part of the present considerations. We now revisit our earlier treatment of the WP symplectic and Kähler forms to find that ω W P,symplectic = 2 ω W P,Kähler . Certain earlier formulas especially for integrals and characteristic classes need to be adjusted for the present considerations. An underlying real tangent space V for a complex manifold M has an almost complex structure J, J 2 = −id. The complexification V C of the tangent space V is decomposed into the ±i eigenspaces of J. The decomposition is given as V 1,0 ⊕ V 0,1 with V ⊂ V C the subspace fixed by complex conjugation. For a Riemann surface R at the corresponding point of the Teichmüller space the holomorphic tangent space is V 1,0 ≃ H(R) and the holomorphic cotangent space is (V 1,0 ) * ≃ Q(R). The tangent-cotangent pairing for µ in H(R) and ϕ in Q(R) is (µ, ϕ) = R µϕ. On the holomorphic tangent space V 1,0 ≃ H(R) the WP Hermitian form is , W P and the Kähler form 
The twist-length duality in terms of real tangent vectors is dℓ α = 2 ω W P,Kähler ( , t α ). If we write ω W P,symplectic for the symplectic form used in our earlier papers then we have ω W P,symplectic = 2 ω W P,Kähler ( , ), [Wol82, see Theorem 2.10]. The definition of the symplectic form and twist-length duality formula continued in our subsequent papers. There are corresponding adjustments to subsequent formulas. Integration formulas are relevant for the present considerations. The M 1,1 and M 0,4 area formulas become 
Estimates for Green's operators
We provide estimates for the operator (D − k) −1 acting on functions small at the cusps. for z 0 respectively on ∂(C − C ∞ ) and ∂C ∞ now provides a uniform bound for G and G † by a constant multiple of the horocycle length function ℓ. Since g is integrable on R the desired bounds for the integrals follow. It remains to consider the principal contribution C∞ G ∞ (z, z 0 )g(z 0 ) dA. For the upper half plane H the integral is unfolded and g is replaced by y −n to give the integral 
for the variable z 0 = x + iy. We introduce a majorant for Q. The values of the function y −1 on a disc {δ(z, z 0 ) ≤ 1} are within fixed multiples of the value at the center. It follows for sake of bounding (9) that for hyperbolic distance δ ≤ 1 the contribution of the kernel Q is bounded by a comparison kernel with a positive minimum on the disc. It now follows from the large hyperbolic distance description of the behavior −Q 2 (δ(z, z 0 )) ≤ ce −2δ(z,z 0 ) , [Wol90, pg. 468] , and the formula cosh δ(z, z 0 ) = 1+ |z−z 0 | 2 2ℑzℑz 0 that the integral (9) is bounded for a = ℑz in terms of 
